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Small Disturbance Euler Simulations for Delta Wing
Unsteady Flows due to Harmonic Oscillations

Caroline Weishäupl∗ and Boris Laschka†

Technische Universität München, 85747 Garching, Germany

Unsteady aerodynamic forces for aeroelastic analyses may be calculated by Euler or Navier–Stokes codes.
Because of the large number of parameters, the computation times and costs become very high and the iteration
process for a flutter free configuration could become quite lengthy. Therefore, classical potential methods are still
widely used, and advanced codes are applied punctually in critical ranges for validation or refinement only. At
the Institute for Fluid Mechanics (FLM) of the Technische Universität München it was proposed since 1998 to
make use of the fact that the unsteady forces required for aeroelastic stability investigations are usually related to
small displacements of the aircraft structure. They are, in general, only a small fraction of the occurring steady
forces. Therefore, the Euler or Navier–Stokes equations may be developed for small displacements in the frequency
domain, realized for inviscid flow in the FLM small disturbance Euler code, FLM–SDEu. After a comprehensive
validation, here FLM-SDEu is applied to a cropped delta wing with 53-deg leading-edge sweep, investigating rigid
body, flap, and elastic harmonic motions. Compared to the full Euler solution, the accuracy of FLM–SDEu is very
good, and the required computer time is reduced by an order of magnitude.

Nomenclature
cL = lift coefficient
cM = pitching moment coefficient (related to xm)
cp = pressure coefficient
cr = root chord length
f = frequency, Hz
k = reduced frequency, 2πcr

√
(ρ∞) f/[

√
(p∞γ )M]

M = Mach number
p = pressure
s = half-span
t = time
x, y, z = Cartesian coordinates
xm = axis of reference
x p = pitching axis
α = angle of attack
γ = ratio of specific heats
δ = geometric variable
η = flap deflection angle
ρ = density
τs = characteristic time,

√
(p∞γ )Mt/[

√
(ρ∞)cr ]

φ = sweep angle

Subscripts

0 = mean value
1 = amplitude

Superscript

1 = first harmonic

Introduction

F OR the aeroelastic analysis process, one of the main issues is
the adequate performance of the occuring steady and unsteady

aerodynamic loads. Adequate means an appropriate method with
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reference to accuracy and speed. Methods based on potential theory
are fast, but they have limitations in predicting flows with shocks
properly. Euler and Navier–Stokes methods yield high-quality re-
sults with a proper resolution of shocks, but the computational costs
and times are high especially for unsteady cases. To make use of
the higher nonlinear modeling of flow physics by computational
fluid dynamics (CFD) at acceptable numerical cost, numerous ef-
forts are done in the field of reduced-order models, like Volterra
series for identification of nonlinear systems in the time domain1 or
proper orthogonal decomposition to reduce the size of the involved
matrices.2

The small disturbance Euler (SDEu) method FLM–SDEu devel-
oped at the Institute for Fluid Mechanics (FLM) of the Technis-
che Universität München (TUM),3,4 following some previous work
in turbomachinery,5−8 contributes to making high-quality CFD re-
sults usable. The basis for the small disturbance method was the
nonlinear Euler code FLM–Eu of FLM–TUM.4,9 This code is a
shock-capturing method based on a finite volume approach with
Roe’s flux difference splitting.10 Second-order accuracy in space is
achieved due to MUSCL extrapolation for the conservative variables
and the total–variation–diminishing property is guaranteed. Explicit
and implicit time integration is available. For implicit time in-
tegration the lower-upper-symmetric successive overrelaxation
(LU–SSOR) scheme, which was initially introduced by Jameson and
Turkel11 is applied. The small disturbance method FLM–SDEu is
formulated consistently to the nonlinear method, described in detail
in Refs. 3, 4, and 12. There it is assumed that the unsteady flow part
is small compared to the steady mean flow. The unsteady problem
can be reduced to a steady-state problem for the perturbation part.
In this way, the unsteady loads can be evaluated directly. A reduc-
tion of an order of magnitude of computational time is achieved, by
retaining the required accuracy. If we assume a harmonic motion for
the unsteady perturbation part, the method is compatible with modal
aeroelastic analysis. FLM–SDEu was validated for two-dimensional
cases in subsonic, transonic, and supersonic flow. In three dimen-
sions, the transonic flow around the high aspect ratio LANN wing
was studied, and FLM–SDEu was compared to the results of several
Euler codes with very good results.3,4,13

From this experience with FLM–SDEu, the next step is to apply
this method to more complex geometries. Here a low aspect ratio
cropped delta wing is investigated as a frequent high maneuver-
able aircraft case characterized by leading-edge vortices at higher
angle of attack. For a transonic Mach number M = 0.8, harmonic
motions on moderate angles of attack are investigated using FLM–
SDEu. First, pitching oscillations for several angles of attack are
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considered to show the applicability of the code. Then, as one of the
essential features for the maneuverability of high maneuverable air-
craft, inboard and outboard oscillating flaps efficiencies have been
investigated.12,14 Finally, elastic motions of the delta wing defined
by polynomials are procured, which may be used to calculate gen-
eralized air forces for flutter analysis.15,16 For validation, the results
obtained from FLM–SDEu are compared with those of the corre-
sponding nonlinear code FLM–Eu.

The theory and numerical features of FLM–SDEu and the solution
procedure are described in detail in Refs. 3, 4, and 12. Therefore,
in this paper emphasis is laid on the application of FLM–SDEu
to a delta wing. The main characteristics concerning grid genera-
tion and the used grids are described, and results for the different
harmonic motions are presented and discussed in detail. Lift and
pitching moment coefficients as well as local pressure distributions
are analyzed.

Geometry and Grid Generation
The investigations are performed for a delta wing with 53-deg

leading-edge sweep and −3-deg trailing-edge sweep. The nondi-
mensionalized root chord is cr/s = 1.6, and the maximum relative
thickness is d/cr = 4.7%. The wing has a round leading edge and
is equipped with an inboard and an outboard flap (Fig. 1).12,14

For discretization, a CH topology is used for all considered cases.
For all grids, the far-field distance is selected to 10 root chords for
x and z directions and 5 root chords in the spanwise direction. The
start grids are generated with the grid-generation tool MegaCads of
the DLR, German Aerospace Research Center.17 The smoothing is
done with the inhouse tool GRIDFLM, based on a Poisson algo-
rithm. The iterative process leads to a smooth grid with respect to
orthogonality and continuous cell growth. For the unsteady simu-
lations performed with FLM–SDEu or FLM–Eu, a second grid for
the extremum position or the maximum deformation is necessary.
The far field remains unchanged.

For the pitching oscillations and the elastic modes, the flaps
need not be considered in detail. The volume grid consists of
180 × 66 × 30 cells, with 60 cells chordwise and 36 cells spanwise
on each wing side, and an off-body distance of the first gridline of
0.005s (Fig. 2). The number of overall cells is 356,400. To study
the influence of the grid resolution, a finer grid is generated for the
reference position. It consists of 230 × 81 × 35 = 652,050 cells.

For a simulation of flap oscillations, the spatial discretization of
the physical domain is again accomplished with a CH topology with
180 × 66 × 30 cells. There are 60 cells chordwise and 36 cells span-
wise used for the lower and upper wing side, respectively. Each flap
is discretized with 15 cells chordwise and 12 cells spanwise. In the
region of the flap leading and side edges, the grid points are concen-
trated for optimal resolution of flow gradients (Fig. 3). The pitching
oscillations of the flaps are performed around the flap leading edge.
A narrow region is introduced between the rigid wing and the flaps
to realize a smooth change in surface during flap deflections. The
gaps at the flap edges are not modeled. As a consequence, the wing
surface is discretized as a continuous surface, as shown in the sur-
face grid for an inboard flap deflection of −5 deg and an outboard
flap deflection of 5 deg (Fig. 3). The distance of the first off-body

Fig. 1 Geometry and parameters of the delta wing.

Fig. 2 Space grid for the delta wing in CH topology.

Fig. 3 Surface grid of the delta wing with flap deflection:
ηinboard = −−5 deg and ηoutboard = 5 deg.

grid line is fixed to 0.008s. Further details of the grid for the flap
oscillations may be found in Refs. 12 and 14.

Results
Results are presented for several harmonic motions of the delta

wing, describing the dependency of the regarded geometric variable
δ by

δ(τs) = δ0 + δ1 sin(kτs) (1)

with the mean value δ0, the amplitude δ1, the reduced fre-
quency k = 2πcr

√
(ρ∞) f/[

√
(p∞γ )M], and the characteristic time

τs =√
(p∞γ )Mt/[

√
(ρ∞)cr ]. The pitching moment reference axis

is xm = 0. All simulations are performed for the transonic Mach
number M = 0.8, at which the angle of attack is varied between 0
and 15 deg. The steady state is assumed to be achieved if the abso-
lute value of the overall density change related to the corresponding
density change in the first time step is lower than 10−6. The residual
chosen for the solution of the SDEu equations and for the dual time
stepping within LU–SSOR is 10−5.
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Steady Results
Steady simulations are presented for 0-, 5-, and 10-deg angle of

attack. The dominant features are visualized in (Fig. 4) with Mach
number contour plots and crossflow velocity vector plots in a grid
plane close to the trailing edge for the three angles of attack. For
these flowfields, the standard grid for the rigid-body motions has
been taken. For α = 0 and 5 deg, the flow is attached over the whole
wing surface. Higher crossflow velocities are restricted to the tip re-
gion associated with the tip vortex. For 0-deg angle of attack, the flow
turns from the upper to the lower side, corresponding to a negative lift

a) α= 0 deg

b) α= 5 deg

c) α= 10 deg

Fig. 4 Steady flowfields with Mach number contour plot and crossflow velocity vectors at M = 0.8 and various α; upper side (left) and lower side
(right).

coefficient. For α = 5 and 10 deg, the lift coefficient is positive and
the flow turns from the lower to the upper side. For α = 10 deg, the
level of crossflow velocity components is increased. In addition to
the stronger tip vortex, a field of higher crossflow velocities, result-
ing from the leading edge, occurs. A weak leading-edge vortex de-
velops. Given that the mechanism of forming a leading-edge vortex
for a round leading edge is not physically driven in an Euler code, the
correct representation of such a formation is less important for the
main aim of the paper, namely, demonstrating the quality of the small
disturbance method FLM–SDEu with respect to the nonlinear code.
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a) y/s = 0.35 b) y/s = 0.75

Fig. 5 Comparison of the steady pressure distribution cp for standard and fine grid for α= 0 deg at M = 0.8 in spanwise sections y/s = 0.35 and
y/s = 0.75.

a) α= 0 deg

b) α= 5 deg

c) α= 10 deg

Fig. 6 Lissajous figures of the lift and pitching moment coefficient for pitching oscillations for M = 0.8 at various α for k = 0.5 and 2.0.
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a) y/s = 0.35

b) y/s = 0.75

Fig. 7 Real and imaginary part of the first harmonic of the pressure distribution for pitching oscillations for α= 0 deg at M = 0.8 for k = 0.5 and 2.0
in spanwise sections y/s = 0.35 and y/s = 0.75.

Fig. 8 Stability derivatives of inboard and outboard flap at Mach number M = 0.8 and k = 0.7283 vs angle of attack.
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In the study of the influence of grid resolution, the pressure dis-
tribution cp for the standard grid with 356,400 cells and the fine
grid with 652,050 cells is given for the two sections y/s = 0.35
and y/s = 0.75, when M = 0.8 and α = 0 deg are chosen (Fig. 5).
The pressure distributions with lower pressure on the lower side
and higher pressure on the upper side agree with the direction of
the tip vortex leading to a negative lift coefficient. The pressure
distributions of the standard and the fine grid conform very well,
and the lift and pitching moment coefficient show only small de-
viations with cL = −0.05692 and cM = 0.06063 for the standard
grid and cL = −0.05711 and cM = 0.06082 for the fine grid. Fur-
ther grid convergence studies were not performed because the main
objective of this paper is the comparison between the two methods,
FLM–SDEu and FLM–Eu, with use of the same grid resolution.
Therefore, all of the following simulations are performed with the
standard resolution of 356,400 cells.

Pitching Oscillations
The parameters of the investigated pitching oscillations are as

follows:

α = α0 + α1 sin(kτs)

α0 = 0, 5, 10 deg, α1 = 1 deg

M = 0.8, x p = 0.5cr , k = 0.5, 2 (2)

Figure 6 shows the Lissajous figures for the lift and pitching mo-
ment coefficient at the three angles of attack for k = 0.5 and 2 and
additionally the steady values for α, α ± 0.5, and α ± 1 deg angle
of attack. For FLM–SDEu, the values are superimposed from the
steady one generated by the nonlinear code FLM–Eu and the first
harmonic as the result of FLM–SDEu. For the steady values, the
lift and pitching moment coefficient show a linear behavior with the
angle of attack for 0 and 5 deg, as expected in this angle of attack
region. For 10 deg, cL and cM deviate sligthly from linearity with a
degressive tendency. The FLM–Eu curves show the cycles with the
characteristic start behavior in the beginning. The response is nearly
fully developed after the first quarter of oscillation. With increasing
reduced frequency, the unsteady values differ more and more from
the steady ones. Generally with respect to amplitude and phase, the
curves look similar for all α with a shift in the absolute values of cL

and cM . The conformity between FLM–SDEu and FLM–Eu is very
good for all cases, deviations can only be detected at α = 10 deg for
k = 0.5.

Exemplarily, the real and imaginary part of the first harmonic
of the pressure distribution cp at the two sections y/s = 0.35 and
y/s = 0.75 for the two frequencies k = 0.5 and k = 2 are given in
Fig. 7 for α = 0 deg and M = 0.8. With increasing k, the real part
increases. The imaginary part shows characteristics as known for
pitching oscillations of an airfoil depending on the rotation point,
Mach number, and reduced frequency. In all, the local pressure dis-
tributions from FLM–SDEu and FLM–Eu agree very well.

As for the aspect of efficiency of FLM–SDEu, for the pitching
oscillations the acceleration lies in the range of 4–12, increasing
with decreasing reduced frequency.

Flap Oscillations and Efficiency
Flap efficiency is an important feature of an aircraft and has to

be guaranteed over the whole flight envelope. To determine flap
efficiency, pitching oscillations of the inboard and the outboard
flap are investigated for the freestream Mach number M = 0.8 at
a wing incidence of 0,5,10, and 15 deg. The harmonic motion of
the regarded flap is performed around the flap reference position
η0 = 0 deg with an amplitude of flap deflection η1 = 0.4 deg. The
frequency is f = 6 Hz, which corresponds to k = 0.7283. Flap ef-
ficiency is characterized by the stability derivatives cLη and cLη̇ for
the lift and cMη and cM η̇ for the pitching moment coefficient. These
derivatives can be calculated from the real and imaginary parts of

the first harmonic of the coefficients14

cLη,Mη = Re c1
L ,M

η1
, cLη̇,M η̇ = Im c1

L ,M

kη1
(3)

Figure 8 shows the stability derivatives for the inboard and the
outboard flap, respectively, over the angle of attack. The derivatives
cLη and cMη reveal that the inboard flap achieves a higher efficiency
than the outboard flap. From the steady flowfield (Fig. 4), it becomes
evident that the crossflow velocities in the region of the outboard
flap are higher than for the inboard flap, which explains the lower
efficiency of the outboard flap. With the increase of angle of attack,
the flap effciency is reduced due to the increasing crossflow veloc-
ities. When the results of FLM–SDEu are compared with those of
FLM–Eu, again the values correspond well.

As an example for a local result, the first harmonic of the pressure
distribution is shown in Fig. 9 for the three angles of attack 0, 5,
and 10 deg, with regard to the oscillating inboard flap. The chosen
section y/s = 0.35 cuts the inboard flap area. The real and imaginary
part reflect the known characteristics for an oscillating flap in sub-
or transonic flow with the singularity at the flap leading edge in the
real part and the changing sign in the imaginary part.

The increasing incidence shows only small effects in the curves
of the first harmonic, the real part remains nearly unchanged. In
the imaginary part, the local values change slightly, but not the
general behavior. The deviations between FLM–SDEu and FLM–
Eu increase with α, but for interpretation the different scale of the
real and imaginary part has to be taken into account.

Fig. 9 Real and imaginary part of the first harmonic of the pressure
distribution for inboard flap oscillation with η1 = 0.4 deg for α= 0, 5,
and 10 deg at M = 0.8 and k = 0.7283 in spanwise section y/s = 0.35.
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a) y/s = 0.35

b) y/s = 0.75

Fig. 10 Real and imaginary part of the first harmonic of the pressure distribution for elastic oscillation for α= 0 deg at M = 0.8 in spanwise sections
y/s = 0.35 and y/s = 0.75

Elastic Oscillations
For the description of the elastic eigenmodes, an equation with

polynomial coefficients for the local amplitudes is used. The re-
garded elastic eigenform is shown in Fig. 10, the amplitude is su-
perelevated by a factor of 20. The elastic oscillation is performed
for M = 0.8 at 0-deg angle of attack with a reduced frequency of
k = 1.322 corresponding to f = 10.89 Hz. Figure 10 gives the first
harmonic of the pressure distribution for FLM–SDEu and FLM–Eu
at the two sections y/s = 0.35 and y/s = 0.75. The real and imag-
inary part increase in the spanwise direction due to the increasing
deformation. Again, FLM–SDEu and FLM–Eu conform very well.
From these simulations, generalized air forces may be calculated,
to be used for flutter analysis. More details and further simulations
of the elastic eigenmodes may be found in Refs. 15 and 16.

Conclusions
For aeroelastic purposes, where many parameter variations are

necessary, methods based on the assumption of small disturbances

are attractive due to high-quality results for a reduced CPU time.
At FLM–TUM, the method FLM–SDEu was developed to solve
the SDEu equations. The method demonstrates the following ad-
vantages: applicable to subsonic, transonic, and supersonic Mach
numbers with high quality results, reduction of computational time,
and compatibility to modal methods.

In this paper, the application of FLM–SDEu on several harmonic
motions of a delta wing is presented. The results are compared with
the corresponding nonlinear Euler method FLM–Eu, and the flow
characteristics are discussed. The overall agreement between both
methods is very good. The computational time could be reduced
for the cases studied up to now by a factor between 3 and 12 in
comparison to the nonlinear code.

Based on FLM–SDEu, the following topics are in work for further
refinements: reduction of computing time by implicit time integra-
tion, consideration of boundary displacement, inclusion of the sec-
ond harmonic where necessary, and linearization in the time domain
for arbitrary time dependency. Furthermore, a small disturbance
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Navier–Stokes method FLM–SDNS is being developed and has al-
ready been successfully applied to two-dimensional cases.
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14Weishäupl, C., Pechloff, A., and Sickmüller, U., “Instationäre Luftkräfte
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